
Econ 8105 - Prof. Larry Jones
Problem Set #2
Due 20th November

Cite solution manuals used, collaboration with other sources. Please include a cover page
for your solutions, stating members’name and page number for each of the questions below.

Problem 1 - Some more Math

(a) Show that Blackwell’s suffi cient conditions for a contraction are satisfied in the one-sector
optimal growth problem. Why is this convenient? Ariel talked about this in class.

(b) (Proposed by AZJ) Let(S, ‖ · ‖) be a normed vector space where S = C[a, b] (the set
of continuous functions on some interval [a, b] = X ⊂ R) and ‖f‖ = supa≤x≤b |f(x)|.
Let X be a subset of S. For each case below, either prove that X is closed or give a
counterexample showing that it is not.

• X is the subset of strictly increasing functions in S

• X is the subset of weakly increasing functions in S

Problem 2 - Suffi ciency of the Euler and Transversality Conditions

Prove Theorem 4.15 of SLP, Suffi ciency of the Euler and transversality conditions. What
is the economic interpretation of the transversality condition?

Problem 3 - Guess and Verify I - Optimal Growth Model with Leisure

[Prelim F2004 QII.2]. Consider the social planning problem of choosing sequences
{ct, lt, kt} to solve:

max

∞∑
t=0

βt(log(ct + γlog(1− lt))

ct + kt+1 = θkαt l
1−α
t , kt+1, ct, lt, (1− lt) ≥ 0, k0 given,

(a) Write down the Euler conditions and the transversality condition for this problem.

(b) Formulate this social planner’s problem as a dynamic programming problem by writing
down the relevant Bellman’s equation. Guessing that the value function takes the form
a0 + a1 log k solve for the policy functions c(k), l(k), k′(k) [Hint: optimal value of l does
not vary with k].

(c) Verify that the solution to the social planner’s problem generated by the policy functions
in part (b) satisfy Euler conditions and tranversality condition in part (a).

(d) Specify an economic environment for which the solution to this social planning problem
is a Pareto effi cient allocation. Define a sequential markets equilibrium for this economy.
Explain how you can use the policy function from part (b) to calculate this equilibrium.
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(e) Define an Arrow-Debreu equilibrium for economy in part (b). Explain how you can use
the policy function from part (b) to calculate this equilibrium

Problem 4 - Guess and Verify II

Consider the following sequence problem:

max
ct,kt+1

∞∑
t=0

βtu(ct)

ct + kt+1 = F (kt), kt+1 ≥ 0, k0 given, A > 1

(a) Write this problem in canonical form.

(b) Assume u(c) = −e−αc and F (k) = Ak. Write the Bellman equation and solve the value
function. Hint: guess that v(k) = −Ce−γk and verify. Ignore the positive consumption
constraint. (You may check out Wang (2003), AER).

(c) Assume that u and F are strictly concave and continuously differentiable. Assume that
the solution to the RHS of the Bellman equation is interior. Show that the policy function
is increasing in capital. You may use theorems from SLP as long as you state them and
show that it is valid to use them. Moreover, assume that the solution of the Bellman
equation exists and is bounded and continuous. Hint: you might need to check Theorems
from Ch4 of our favorite Recursive Methods book.

Problem 5 - Putting all the Pieces Together

SLP 5.1. This exercise puts together several of the important results seen in class and in
Ch4 of SLP (similar questions appear in Prelims).

Problem 6 - Inada Conditions (very easy)

(a) Consider a one period model where the consumer maximizes the utility function u(c1, c2) =
ac1 + bc2 subject to the budget constraint p1c1 + p2c2 = M . Graph the indifference
curves and find a set of parameters {a, b} > 0 and values of {p1, p2,M} > 0 such that
we have a corner solution, i.e., ci = 0 for some i. Now consider the utility function
u(c1, c2) = a log c1+ b log c2 and find a set of parameters (with {p1, p2,M} > 0) such that
we have a corner solution.

(b) Next consider a one period model where the consumer has to work for his consumption
u(c, l) = ac + b(1 − l) where l ∈ [0, 1], and has available the following linear production
function c = dl, with {a, b, d} > 0. Find a set of parameters such that the consumer has
a corner solution. Do the same with a log utility function (is it possible?).

(c) Argue that the Inada conditions on the utility function ensure that the household will set
neither consumption nor leisure equal to zero (for more of this, you can see Ljungqvist
and Sargent, pg. 378 in an environment with uncertainty, the idea is the same).
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Problem 7 - Aggregation
Take the standard production economy with multiple households, for example, suggested

on the lecture notes. Define competitive equilibrium in the environment. State and prove
theorems that ’aggregates’the households into one under the assumption of homothetic and
identical preferences. You may assume multiple types of firms, or without loss of generality a
single firm producing both consumption and investment goods.
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