
Econ 8105 - Prof. Larry Jones
Problem Set #3
Due Dec 11th

Cite solution manuals used, collaboration with other groups and other sources. Some prob-
lems will be/were (partially) covered during recitation. If you think a problem does not provide
enough information either make additional assumptions or ask me.

Problem 1 - Redundancy of the Government BC [Prelim S2006 QI.1]

(a) Define a TDCE for the growth model with multiple households and multiple firms.

(b) Show that if at an allocation and price system we have: (1) the feasibility constraint for
each firm holds with equality, (2) the budget constraint for each household holds with
equality, (3) all markets for all goods clear with equality, then the Government budget
constraint is automatically satisfied. Make sure you clearly state any assumptions you
need to make (for example, returns to scale in the firm).

Problem 2 - Does it matter who pays taxes? [Prelim S2004 QI.1]

Consider a representative consumer, representative firm, infinite horizon dynamic economy
with taxation. Define a TDCE in the special case in which the only tax present is a tax on
consumer purchases at the rate τ c > 0. Assume that all revenues are lump sum rebated to
consumers. Similarly, define a TDCE in which the representative firm is required to pay taxes
on all sales of consumption goods (but consumers are not) at the same rate τ c. Again assume
that all revenues are lump sum rebated to consumers. Formulate and prove a result stating
that these two models are equivalent. That is, show that they give rise to the same real, equi-
librium allocations. What (exactly) is the relationship between the equilibrium prices in the
two formulations.

Problem 3 - Taxation of Investment [Prelim F2004 QII.4]

Consider an infinite horizon setting in which there is a representative consumer and a
representative firm as in the standard single sector growth model. The utility function of the
representative consumer is given by:

∞∑
t=0

u(ct, lt)

where u has the usual properties. The firm has a concave, CRS production function:

ct + gt + xt ≤ F (kt, nt)

The government taxes purchases of investment goods in period t at the rate τxt. It uses
any revenues raised to purchase government goods and services gt, balancing the budget each
period, so that ptτxtxt = ptgt for all t. All capital is done in the household and the standard
law of motion for capital applies. Finally, assume that nt + lt ≤ 1 for all t. Show that the
equilibrium allocation of this economy solves a planner’s problem (and be sure to explicitly
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give this planner’s problem).

Problem 4 - TDCE and Tax Reforms
Consider the following economy populated by a government and a representative household,

where both live forever. The government consumes a constant amount gt = g > 0, t ≥ 0. The
government also sets sequences for two types of taxes {τ ct, τkt}∞t=0. Here τ ct and τkt are,
respectively, a possibly time-varying tax on consumption and a time-varying tax on earnings
from capital. The preferences of the household are given by:

max
∞∑
t=0

βtu(ct)

where β ∈ (0, 1), and u is strictly concave, increasing, and twice continuously differentiable.
The feasibility condition in the economy is:

gt + ct + kt+1 ≤ f(kt) + (1− δ)kt
where kt is the stock of capital owned by the household at the beginning of time t and

δ ∈ (0, 1). The Arrow-Debreu budget constraint faced by the household is:

∞∑
t=0

{pt[(1 + τ ct)ct + kt+1 − (1− δ)kt]} ≤
∞∑
t=0

{rt(1− τkt)kt + wt}

where we assume that the household inelastically supplies one unit of labor, and pt it the
price of date t consumption goods, rt is the rental rate of date t capital, wt is the wage rate
of date t labor. A production firm rents labor and capital. The production function is f(k)n,
where f ′ > 0, f ′′ < 0. The value of the firm is:

max
∞∑
t=0

[ptf(kt)nt − wtnt − rtktnt]

where kt is the firm’s capital-labor ratio and nt is the amount of labor it hires. The
government sets gt exogenously and must set {τ ct, τkt} to satisfy the budget constraint:

∞∑
t=0

(ptctτ ct + rtktτkt) =

∞∑
t=0

ptgt

(a) Define a TDCE. Assume an initial situation in which from time t ≥ 0 onward, the
government finances a constant stream of expenditures gt = ḡ entirely by levying a
constant tax rate τk on capital and a zero consumption tax. Find steady-state levels of
capital, consumption, and the rate of return on capital.

(b) Let k̄0 be the steady-state value of kt that you found in (b). Let this be the initial value of
capital at time t = 0 and consider the following experiment. Suddenly and unexpectedly,
a new party comes into power that repeals the tax on capital, sets τk = 0 forever, and
finances the same constant level of ḡ with a tax on consumption. Tell what happens to
the new steady-state values of capital, consumption, and the return on capital.
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(c) Someone recommends comparing the two alternative policies of taxes (1) relying com-
pletely on the taxation of capital as in the initial equilibrium and (2) relying completely
on the consumption tax, as in our second equilibrium, by comparing the discounted util-
ities of consumptoin in steady state, i.e., by comparing 1

1−βu(c̄) in the two equilibria,
where c̄ is the steady-state value of consumption. Is this a good way to measure the costs
or gains of one policy versus the other?

Problem 5 - Taxes on Consumption and the Euler Equation [Prelim S2003 QII]

Consider a standard neo-classical growth, representative, infinite horizon economy in which
there are taxes, at rate τ ct in period t, on consumption of the single good. Assume that prefer-
ences are of the standard additively separable form. Assume that any revenue generated from
this tax is redistributed to the consumer in a lump sum manner. Consider two alternative fiscal
policies: (i) τ c1 > 0 but τ ct = 0 for all other t, (ii) τ c2 > 0, but τ ct = 0 for all other t. Are the
TDCE allocations the same for these two fiscal policies? Prove you answer.

Hint: compare the Euler equations in each case in each period, they depend on taxes which
are not the same. You don’t have to define a TDCE if you don’t want to.

Problem 6 - Sequential vs. Present Value Government Budget Constraints

Consider an economy with a representative firm with a CRS technology producing both the
consumption and the investment good, a representative consumer and infinite horizon. The
government finances a given stream of purchases {gt}∞t=0.

(a) Assume that the government taxes consumption expenditures, labor income and capital
income in order to balance a present-value budget constraint:

∞∑
t=0

ptgt =
∞∑
t=0

τntwtnt + τktrtkt + τ ctptct

Formulate and prove a result stating that this formulation is equivalent to one in which
the government faces a sequence of one-period budget constraints with borrowing and
lending. That is, show that they give rise to the same real, equilibrium allocations. In
your proof, state clearly the amount of borrowing/lending as a function of objects in the
first economy.

(b) Assume now that the government taxes consumption expenditures, labor income and
capital income in order to balance its budget every period:

ptgt = τntwtnt + τktrtkt + τ ctptct

Demonstrate clearly that this formulation is NOT equivalent to the one above. Hint: A
clearly formulated example will do the job. Think about a sudden increase in expenditure
due to e.g. war.
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Problem 7- Optimal Taxation in a Model with 2 Agents

Consider an economy with one representative firm facing a CRS technology, two represen-
tative consumers and a government that must finance a given stream of expenditures, {gt}∞t=0.
Consumers are indexed by i = 1, 2. Their preferences are given by:

∞∑
t=0

βt[
(cit)

1−σ

1− σ + v(lit)]

Suppose also that the government can only tax purchases of consumption goods. In partic-
ular assume that the tax system allows tax rates to differ across consumer types. Assume that
the government maximizes a weighted sum of consumers’utility using weights µ1 and µ2.

(a) Define a TDCE for this economy.

(b) Set up the Ramsey problem.

(c) Consider τ ic0 fixed in the Ramsey problem above. Show that ∀ t ≥ 1 the optimal policy
is to set a constant rate for each consumer, i.e. ∀ t ≥ 1, ∀ i, τ ic,t = τ ic,t+1.

Problem 8 - Carefully read Sargent and Ljungqvist chapter 11: ’Fiscal Policies
in the nonstochastic growth model’

Do excercise 11.1, 11.2, 11.3

Problem 9 - Labor Augmenting Technological Change [Prelim F2008 QI.1.]

Consider the Planner’s Problem version of the single sector growth model with labor aug-
menting technological change (with k0 given and usual nonnegativity constraints):

max
∞∑
t=0

βtu(ct, lt)

ct + xt ≤ F (kt, Atnt)

nt + lt ≤ 1

kt+1 ≤ (1− δ)kt + xt

Assume At = γtA0

(a) Give a set of conditions under which the solution to this problem can be obtained by
solving a stationary DP.

(b) Explicitly add enough conditions to your answer in (a) to show that kt+1
kt
→ γ and show

it.
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